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A theory is developed appropriate for the analysis of fluorescence pelarization experiments with pigment molecules in
a planar array (plane membrane). Especially rotatory and oscillatory dynamics of the pigment molecules are considered.
Three model calculations are performed, which describe the following different situations:

(a) Rotational diffusion of molecules around the normal to the plane membrane.

(b) Oscillatory diffusion of molecules with respect to this normal.

(c) As a two-dimensional example the independent superposition of both types of motion.

Central point of these model calculations is the determination of an intensity of emission function, from which in prac-
tical applications the measured fluorescence intensities may uniquely be calculated.

1. Intreduction

In the last years the use of fluorescence techniques has become an important method in the study of (biological
and model) membranes. Extensive references to literature on this subjects may be found in the review article of
Radda and Vanderkooi [1]. Subject of this paper are the rotatory and oscillatory dynamics of fluorescent probes
in plane membranes and their effect on fluorescence polarization measurements.

It was Perrin [2—4] who first investigated the influence of Brownian rotation on fluorescence polarization:
Regard a sample of fluorescent molecules, which are randomly oriented and excited with linearly polarized light.
The degree of polarization p of fluorescence observed through analyzing polarizers is defined as

L1
P=r+1,

(1)

where I, is the polarized intensity parallel to the electric vector of incident light and {, perpendicular. If the
molecules are rigidly held during the lifetime of the excied state, p takes the characteristic value py, given by [3]
3cos?’T—1
= @
cos“T+3

where I is the angle between dipole moments of emission and absorption. For ' =0: pg = ;— If Brownian rotation
effects a partial depolarization, the observed degree of polarization p is given by the Perrin equation
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where p is the Brownian rotational relaxation time and 7 the lifetime of the excited fluorescent state. Since that
time Perrin’s investigations have been extended to anisotropic Brownian rotations by several authors [5—8}.
In the last years considerable work on the theoretical investigation of fluorescence polarization experiments
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for measuring preferred orientation has been done. Desper and Kimura [9] have developed a2 mathematical theory
for biaxial and uniaxial distributions of transition moments under the restrictions that (2) the angle between the
electronic transition moments of absorption and emission is zero and (b) the chromophoric group of the fluores-
cent molecule does not rotate appreciably during the lifetime of the excited state. Theoretical and experimental
studies on molecules bound to artificial membranes have been done by Badley et al. [10,11] and Yguerabide and
Stryer [12]. Considerable effort has been made by polymer chemists to investigate orientations. Nishijima and
coworkers (e.g. {13]) have published extensively on the estimation of orientation distribution from the variation
of fluorescence polarization with changes in the relative positions of sample and light beams. By Kimura et al. [14]
the effect of restricted thermal agitation has been considered.

Recently we have studied fluorescence polarization of flavins incorporated into artificial plane membranes
f15]. In line with this study we started a systematic theoretical approach to the analysis of fluorescence polariza-
tion experiments with pigment molecules in a planar array. Random orientation of molecules was assumed within
the membrane plane, i.e. rotational symmetry with the normal to the membrane as axis of rotation. Quantitative
calculations for different model distributions were performed. For each model distribution we assumed the exis-
tence of a characteristic relaxation time determined by the mobility of molecules and calculated two limiting cases.
In the first case, the orientation relaxation time is short, in the second it is long compared with the lifetime of the
fluorescent state. This paper continues the work in [15]. We present dynamic equations describing the rotatory
and oscillatory motion of (fluorescent) pigment molecules. This dynamic approach admits a treatment of the
especial'y interesting situation, where the characteristic orientation relaxation times and the lifetime of fluores-
cence are comparable. Explicit calculations are performed for three different model situations: First the case
where the pigment molecules may do rotational diffusion about the normal to the membrane. Second oscillatory
diffusion about a preferred orientation with respect to this normal. Finally, as a simple two-dimensional example,
the superposition of both types of motion is treated. In these model calculations we have restricted to the case
r'=0.

Anzlogous calculations on the rotational diffusion have recently been presented by Wahl {16], who has in-
vestigated the fluorescence depolarization due to local motion of chromophores atiached to macromolecules in
isotrapic solutions (e.g. [16,171). The relations (22) and (32) below are in agreement with Wahl’s calculations in
[16].

2. General theory
2. 1. Geometry of fluorescence polarizarion experiments

For description of the geometry of the fluorescence polarization experiment with plane membranes we intro-
duce appropriate angle coordinates. Essentially we will follow the notation used in [15].

The geometry of an experimental arrangement for measuring fluorescence polarization is shown in figs. 1a and
b: A linearly polarized light beam excites the fluorescent sample. The fluorescence light is measured through a
polarizing analyzer. We assume the sample to be small compared with the distance to the analyzer, so that the
calculations of fluorescence intensities below may be done as if all fluorescent molecules are concentrated in one
point (far-field assumption).

We define two planes: the plane of incidence, formed by the light beam and the normal » to the membrane,
and the plane of measurement, formed by n and the line between the fluorescent sample and the analyzer. Ac-
cording to fig. Ib we call the angle between these two planes wq. Further angles introduced in figs. la and b
determining the geometry are:

a angle between the incident light beam and the normal n;
i the angle between n and the line from the sample to the analyzer;
3 angle between the electric vector of the linearly polarized incident light and the plane of incidence;



E. Frehland{Dynaniical theory of flucrecence polarization 67

plane of
incidence

>

Fig. 1a.

plane of

incidence

plane of

measurement

analyzer

Fig. 1b.

Fig. 1. Geometry cf fluorescence polarization experiments: (a) Introduction of appropriate angle coordinates denoting the polari-
zation direction of incident light £, and the orientation Dy, of a transition moment with respect to the membrane. (b} Orientation
of the planes of incidence and measurement. Introduction of angles denoting the pasition of the analyzer.

€ polar angle with respect to n as polar axis
® azimuthal angle, rotational symmetry of a distribution means independenc of ¢;
o direction of polarization of the analyzer.

Additionally for the theoretical investigations of the experiments the following secondary angles are needed:
¢  angle between the direction of polarization (electric vector) of incident light and a dipole moment of ab-

sorption described by £, o;

u angle between a dipole of emission described by ¢, v and the plane of the analyzing polarizer.
angle between the projection of the dipole to this plane and the direction of polarization p of the analyzer.

o
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By elementary trigonometric considerations, which have been dane ia {15], one gets the following dependence
of ¥, u, v on the other angles:

€OS Y = —sin e cos @ cos & cos ¢ + sin € sin J gin ¢ — cos e cos I sina )

sin g = cos @ sin € cosfyp + yg) +sinfsine (3)
cos 3 cos € — sin € cos(y + vy) sin B

cotg(p —v) = (6)

sin € sin{y + ¢g)

2.2. The fluorescence process

The whole process taking place in the experiment may be divided schematically into four sections: Absorption,
rearrangement of molecules. emission and measurement.

2.2.1. Absorption

The intensity of absorption for an individual transition moment is proportional to cos?y¥ with cos ¥ given by
eq. (4). We introduce the distribution function £, of dipole moments of absorption, being defined as a density
on the unit sphere. 'y is independent of , because the orientation within the plane of membrane is random.
Hence for the intensity of absorption {4 (e, ) holds

[5(e,9) = Py Fp(e) cos?i(e, v, a, 9) (7a)

with the condition of normalization 27 f;o Fysinede=1.

For determination of the proportionality factor P, one needs the knowledge of different quantities, e.g. inten-
sity of incident light, area concentration of the fluorescent molecules and 2n apparatus constant. We do not further
specify this factor and introduce the reduced intensity of absorption Z\ =14 [Py - Hence forli

Iy = Fa(e) cos? i (e, ., 9) . (70)

2.2.2. Rearrangement

First, the transition moments of absorption and emission may not be parallel within the molecule. The angle T'
between both moments may often be determined by auxiliary experiments with the use of eq. (2). The effect is
independent of the dynamics of the molecule within its environment. Its relaxation time may be neglected. In the
explicit model calculations below I' is assumed to be zero.

Second, energy transfer between fluorescent molecules may cause a significant rearrangement. The effect of
energy transfer is also not considered in this paper.

Third, a rearrangement of transition moments may occur by rotatory or oscillatory motion of molecules in the
excited state. This motion is determined by the dynamical properties of the molecules in the excited state, which
may be different from those in the unexcited state, [t becomes important when the lifetime of fluorescence 7 is at
least comparable with or greater than the typical relaxation time of molecular motion.

2.2.3. Emission and measurement

Taking into account these possibilities of rearrangement of transitions moments, one can cajculate from the
intensity of absorption an intensity of emission /g(€, ©). The contribution of a single dipole moment of emission
to the intensity of fluorescence light measured through an analyzer with a direction of polarization p follows from
the classical relations for dipole radiation and polarization characteristics to be proportional to cosZu and cos2v.
Hence the total measured intensity /¢ is given by integration over the unit sphere with /g as weighting function
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2 =

Iy =Pg f f Ie(e. ) cos?p cosZy sine de dw . (8a)
w0 =0

According to eq. (8a) [ is defined as a density on the unit sphere. The nroportionality factor is additionally
depending on the quantum yield of fluorescence. Again we go over to the reduced intensity

2w 0w

Iy = f f I cos®p cos®v sin € de dw . (8b)
v=0 =0

The central point of the model calculations below in sects. 3.1 —3.3 will be the calculation of the intensity of
emission [, from which the measured intensities [y are uniquely determined through eq.(8).

2.3. Dynamic equations

Regard a molecule bound to a membrane. Both, the membrane as well as the surrounding medium may deter-
mine the dynamic situation of the molecule. In order to have something in view we have shown in fig. 2 a few
possible examples. The molecules may be embedded within the membrane nearly completely (a, b, d), they may
be attached to it (¢) or they may be bound to the membrane through 2 “‘membranophilic” part (e). They may be-
have as rigid or as extremely deformable bodies. An example for the latter case (€) we have studied [15}: Flavins
bound to artificial bilayer meinbranes by mediation of a lipophilic hydro-carbon chain. Long molecules may be
oriented perpendicularly (a), parallely (¢) or in another preferred direction (b). Molecules may have only one
rotational degree of freedom, e.g., about the normal 2 in (a), or be nearly spherical with no prefarred orientation
(d). Many other possibilities are imaginable. Furthermore the orientation of transition moments of absorption
and emission within the molecules must be considered.

2.3.1. One-dimensional motion
We derive dynamic equations from which in many cases one may get a description of the kinematic behaviour
of molecules bound to plane structures. We assume the molecules to execute Brownian motion in a region with

spatially varying potential energy. In the one-dimensional case the flux ® of molecules is then generally deter-
mined by

%)

where D = diffusion coefficient; ¥ = potential energy; V= V/kT = reduced potential energy: k& = Boltzmann con-
stant; 7 = {absolute) temperature.

surrounding

N g
Sk ST

Fig. 2. Different examples for molecules bound to a planar membrane.



70 E. Frehland [Dynamical theory of flucrescence polarization

With regard to the balance equation

ad_  ac

3" 57 (10)
we get the diffusion equation for concentration c:

oc_ n3% . aC@PaE)

s PptP e an

Up to now we have not specified the coordinate E. If £ is some angle coordinate, ¢q. (11} describes one-dimensional
rotatory dynamics. In this case D is the coefficient of rotational diffusion. The first term on the right-hand side of
eq.(11)is the usual term of rotational Brownian motion. The second term describes the effect of a potential on
the rotatory motion. We do not specify this potential energy. It may come from electric or other chemical binding
between the molecules and their surrounding. The preferred orientations of molecules are energetically most
favourable and hence are given by the minima of potential energy.

2.3.2. Multi-dimensional motion

Up to now we have restricted to one-dimensional motion. More generally the problem is a complicated multi-
dimensional one. We again consider the example in fig. 2. In case (a) the molecule may have only one rotational
degree of freedom about the normal n2. In (b) it may additionally to this rotation perform a second (oscillatory)
motion in € about a preferred orientation €3. Molecule (c) may stand for a situation with two degzees of freedom
of Brownian rotation, in y about # and in € about its longitudinal axis. (d) is an example for a spherical molecule
with {ree Brownian rotation about three angles. Finally (e) may represent a situation, where different parts of the
(non-rigid) molecule make different motions, which may be independent or dependent on each other. In order to
arrive at a most general set of flux equations, including the case of deformable molecules, one can decompose the
molecule into n (rigid) parts. For each part an orientations distribution function may be introduced which satisfies
a flux equation of the form (9), with D and ¥ now generally depending on the situation of the whole molecule.

We do not intend to discuss such a general set up. The model calculations below are restricted to simple one-
dimensional and two-dimensional problems.

2.4. Stationary distributions
If the distribution function c is time independent one gets from eq. (11) by simple integration
c=e“V(BfeVdg+A) (12)

with 4 and B as integration consiants. A sensible boundary condition for stationary solutions is the flux to be
zero, so that the distribution ¢ is in equilibrium. With eq. (9) B follows to be zero. Therefore the general equation
for the distribution ¢ in the stationary case is

c=Ae ¥ . (13)
A is a factor of normalization of ¢. Up to now we have not specified the reduced potential V. If 7 is independent
of ¢ and time-independent, eq. (13) represents the stationary solution for c. In case V depends on ¢, eq. (13) yields

an equation for ¢ (or ¥), which still has to be solved.
According to eq. (13) for a rectangular potential we get a rectangular distdbution ¢, for a parabolic potential a

Gaussian distribution.
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3. Explicit model calculations

Central point of the following model calculations is the determination of the intensity of emission function
¢ defined in sact. 2.2 (see eq. (8)) for arbitrary polarization directions of incident light. From ir:‘. the results of
the polarized fluorescence experiment with a given geometrical arrangement are uniquely determined. The open
parameters of the theory, which have to be fitted to the experimental data, are coefficients of rotational diffusion,
position of the minimum of potential energy etc. and have a direct physical meaning.

In all calculated examples we assume the following three conditions to be valid:

(1) Vanishing angle I" between transition moments of absorption and emission.

(2) Vanishing energy transfer between fluorescent molecules.

(3) Equality of the siationary distributions of transition moments of absorption and emission.

The third condition means, at least for the stationary equilibriuin distributions, equality of dynamical proper-
ties of molecules in the excited and unexcited states, respectively.

3. I. One-dimensional Brownian rotational diffusion iny

In the first example we investigate the situation, where the molecules make rotational diffusion about the
normal # of the planar membrane. The orientation distcibutious of transition moments of absorption and emission
are assumed to be deltashaped in €. Hence the normalized stationary distribution fuaction F is given by

A1
AT Igsine

5(e — eg) - (14)

In order to take into account possible rearrangements of transition moments by rotational diffusion in v during
the lifetime of the excited state, we consider the timedependent diffusion equation for the probability distribu-
tion K of one single dipole, following from eq. (10) with constant potential:
2
%§‘= D, —23 £ (13)
dy
Dp = coefficient of rotational diffusion in o.
We loaok for solutions F(o — &', 1) of eq. (11) satisfying the following three conditions:
normalization

fz F dg=1 (16a)
0
boundary condition
Fe—¢' =0,0)=F(g—¢ =2x,7) (16b)
initiel condition
Flo—¢',1=0)=8(w~ /). (16c)

According to the initial condition (eq. 16¢)) ¢’ denotes the position of the dipole for £ = 0.

A second boundary condition 8F/3p (¢ — ¢ =0, £) =3F/du(yp — ¢ =2, £) =0 is automatically valid as conse-
quence of eqs.(16b, c) and (15). If the lifetime of the excited state is 7, one gets the lifetime distribution func-
tion L

L=Lte-tir J Lar=1 an
! 0
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where the process of absorption is assumed to take place at £ =0. For an ensemble of many dipole moments,
homogeneously distributed in ¢, the intensity of absorpnon is proportional to cos?. Hence the intensity of
emission IE is obviously given by integration of FE over ¢’ and f with cos2y as weighting function

- 1 8(e—¢€p) 2 , ;
Ig(e €9, 9, Dpy ) = 50— f dr [Lbf cos” W) Fdy' | . (18)
0

In case the exciting light is a short pulse, IE in eq. (18) describes the mean value of a time-depeadent intensity of
emission function L f cos?y Fdy'. In this paper we are concerned with the statzonary polarized fluorescence ex-
periment, with incident light of time-independent intensity and polarization. Then Ig is the (stationary) intensity
of emission which determines the measured fluorescence intensity according to eq.(8).

Setting

F=¢ f(p—¢") 19)
one gets the following particular solutions of eq. (15) satisfying the boundary condition (16b)
F, =exp(—D 1) (4, cosv (¢ — ) + B, sinv (p — ) . (20)

The complete solution may be written as the Fourier series
F= Z_)O exp(—D 1) (4, cos vy — ') + B, sinv (p — ¢')) Q1)
oo

Fourier’s analysis of the initial distribution (16c) for z = 0 yields

B,=0,
Ag =127, A,=1fm for v=1,2,..
and hence
F=§-§+— Z exp(—D,» 2¢) cos iy — ¢') (22)

satisfying eqs. (16a—c).

“The evaluation of the integrals in eq. (18) with F, cos?y according.to eq. (22), eq. (4) respectively is lengthy
but elementary. Most integrals over the region 0 < ¢’ < 27 vanish. Only for v =0, 1, 2 remain nonvanishing con-
tributions. The final result is

= 8(e—eq) [ (A% + B t ,
[E(E, €9, Y, DWT) = gn sinj)e) {( 3 + C2) +(—l—-;ﬁ;;)(2ACCOS v+ 2BC sin 1,9)

1 5 A%+8?
+(—-—l+4Dpf)((A cosg + B siny) ~—5 )} (23)

with the abbreviations
=_sinecosd cos« B=sinesind C=_—cosecosIsina . (24)

Eq. (23) contains the limiting cases D <1 (no rearrangement) and D, > 1, i.e. complete equipartition in ¢
during the lifetime of the -fluorescent state:
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— 8(6—60){A2+BZ )

) - o
Dir>1:  Ig=—sam{=— + 2 (253)
Drgt: LeEmc0) 2 256

T TRl @30

3.2. One-dimensional ascillatory motion about a preferred orientation

In case the reduced potzntial ¥ as a function of the polar angle € has a minimum at € = ¢, € indicates a pre-
ferred orientarion. Generally, a good approximation for ¥ about gy will be the parabolic potential. But for
analytic calculations of the intensity of emission function /i the quadratic approximation is difficult to handle.
Therefore we approximate V by a square-well potential:

_ 77'0 forein [eq,e;] = [gg — A€, gg * Ac]
H(e) = (26)

= elsewhere .

The probability of orientation outside {e;, €,] vanishes,

We regard the probability distribution £(€) with respect to the angle € for a single dipole moment. From eq. (11)
follows for £ in [e,, €5]

= =D_—~—E 7

with D, = coefficient of rotational diffusion in e. We look for solutions of eq. (27) satisfying the conditions
normalization

€3
f Ede=1 (28a)
€y

boundary condition

2 en=Lep=o0 (280)

initial condition

E(e,t=0)=3(e~¢), € in {g;, €5] - (28¢)
According to eq.(9) and with dV[2e =0 in [e1. €3] the boundary condition (28b) means vanishing flux at the

edges €y, 9. On the contrary to other distribution functions discussed in this paper £ is a density with respect to
the angle € and not to the unit sphere.

The lifetime distribution function L is given by eq. {(17). Then for an ensemble of dipole moments of transition,
which are homogeneously distributed befween ¢, and €, with regard to the angle €, one gets a (reduced) intensity
of emission function /g, analogously as eq. (18) through

. 1 r ~ i
[E(G, o, DE’ T) =mﬁf de f COS";’J(G )E dée (?.93.)
€1
Rotation in the azimuthal angle ¢ is neglected. .
In eq.(292) we have not specified the range of the interval {¢), €] . In case (0 < ¢y <& <), [ in eq.(29a)
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is the mtensnty of emission IE being defined in eq.(8) as a density on the unit sphere. In cases e; <Qore; >a
the situation is somewhat complicated because the range of integration overeineq.(8)isonly 0 <e <. The
difficulty is avoided if in eq. (8) the range of integration is taken to be €] < € < €3. Then the measured intensity
Iy is given by

Iy = f IE cosZy cos?vsine de dy . -(8¢c)
e 0 €76

Alternatively, the intensity /¢ as a density on the unit sphere is easily derived from I through:

Ie,9) = I(e,0) + I(e+m0) (29b)
O<esa) O<e<sn) (@<e<2)

where we have used that orientations (e, ©) and (e + n, ¥) of transition moments are undistinguishable. Without
being further mentionad, these considerations are also valid in sect. 3.3 for the two-dimensional example.
Similarly as in the preceding section the total solution £ of eq. (27) with eq. (28) is given by the series

2 2
v ra
A€+UZZA EKp( Al 5D t)cos [m(e—el)] (30)

where the coefficients 4,, are determined by Fourier's analysis of the initial condition {28c)

1 Ez 1 v s i
Au"—'—A—f de 6(e — e)cos[2A (e el):|=—-cos[,,Ae(e —el)] . G1)
Hence the probability distribution E(e, €', 7) of a transition moment in position € forr=0is

1 1 < 2.2
E=E+A—E§{em[— ::ez Detjl cos[%( e[)] cosli,A (e —51)]} . (32)

For calculation of the intensity of emission /, E according to eq. (29) we first perform the time integration with the
result

T f NN IR - [ (E'*el)] I:"(E"el)]
e =Gne dnhe ) de’ cos™¥(e) {572 Aeg "\ Zae % [*"\2ae /1] - (33)
1

The rather lengthy €’-integration yields

A [224-52 - sin 2Ae

- 1 _ T2 _ 32 B «i
E dne | dhe N [(A B} cos(e + €y) + 2AB sin(ey + ez)]

+ cos 20e [2(B2 — A2) sin(ey + €3) + 448 cos(e, + €3)] = 23 My,_y—
n? =1 a1
+sin 24¢ [2(A2 — B2) cos(ey + €5) + 448 sin(ey + € 23 M, L 34
I 2 1 2 1r2 vl 2 o2

with the abbreviations
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A =sindsiny — cos ¥ cosgcosa, B=cos §sine , (35)

€4 i vin?
M, =cos[vrr( )]( ), a3=l-§~ D.7. (36)
? 28e JI\,2 (16Ae2/7?) 4ne? ¢

Eq. (34) is simplified in the following limiting cases:
(1) Ae—+ 0, delta-shaped distribution in €. In the limit Ae = 0 all contributions from the series in eq. (34)
vanish (for » 2 1). One gets with sin 2Ae = 2A¢ for Ae <€ 1

- 1 22“;.3'2“32__3-2
= %rdine 8(6'“60)[ 2 2

hence with egs. (35) and eq. (4)

cos 2¢ — AB sin 2&]

. R —_— 27
I 2nsines(e €g) cos“ Y

in agreement with eq. (25b).
(2) D7~ ==. In this case complete equipartition of transition moments in [e}, €;] during the excited state:

1 sin24e[A2+ B2 (;{2_52) .
g = 2nsine 2Ae [ 2 ) cos(e; +€3) — ABsin(e; +&3) | . 37

FA

(3) D7 -+ Q. Treatment of this limiting case with the use of eq. (34) is possible but requires a troublesome
evaluauon of the series in eq. (34). It is more convenient to start from eq.(31).
Because of eq. (31) holds

ste = g 25 oo o () Joos [ (5]

and hence with eq. (33)

11 2. .
Ig =g Gnae o5 ¢ forein [, 6]
as expected.

3.3. Two-dimensional motion in € and ¢

As a last example we discuss the situation, where the relaxation times 1 D, I/D for relaxation in €, ¢ respec-
tively are comparable. In this case for calculation of the intensity of emission one has to consider a rearrangemaent
of transition moments by rwo-dimensional motion.

We will investigate this problem under the assumption that rotational diffusion in v and oscillatory diffusion in
€ are independent of each other. The potential V(€) is again approximated by the square-well potential (26). Then
the probability distribution G of a transition moment, which is in position €', ¢’ at time # =0, is given by the pro-
duct of the distributions Fand £

Gle, o €,¢, )= —Flo— ¢, 1) E(e, €,1) . 39
From eq. (39) follows ana!ngously as in eqgs. (18) and (29) the intensity of emission J by integration over 7 and
all possible orientations €', ¢':
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== jd:[ [ fcos U(E€ W) EF d d@} (a0)

sine 4nAe
€'=¢, =0

The evaluation of eq. (40) leads to similar integrals as in the preceding chapters. The final result of the lengthy cal-
culation is:

i !L{(*.+§2) (1 - 38%) sin 24

ESGneis | Bhe —  8ae (m1te)5i;

| AB sin 2Ae 1 242+ 5% _ )( sm 2Ae
- +
(‘ +D, 7) aAe2 sin(e * €2) 28c (l + 4!)@1)( 8Ae 1 —cos(ey +€2) 7 — )

+2.(1 -3B89 [——sin(e, ¥ e,) cos e 2 My, —— + cosle, + ;) sin2Ae Z Mo ]
e v=l ﬂﬂ%u— 3y

i

+2 48 [cos(el +€5) cos 2Ae EMZ_,,__ l( )"’ sin(e; + €;) sin 24e 2 MZV( : )]
2 v=1 v=1 a%b' + D‘FT

2
x7,1 + Dgf
+_.2M (2;{2 + EZ — 1) [—sin(e‘ + 62) cos 2Ae E ]”211-! (.,_i..__l__._,.u_)
=’ »=1 a3, 1 +4D,7
+ cos(eg + Ez) sin 2Ae 2 sz(——i-l————-)]} 1)
- v=1 a3, + 4Dﬁ:7

with the abbreviations A, B, M, o2 according to egs. (35) and (36).

As easily may be verified the one-dimensional examples treated in the preceding chapters are contained in
eq.(41) as limiting cases Ae ~+ 0, D 7 —> O respectively. Further marked out limiting cases are:

(1) D_7 - o=. In this case a comprate equipartition of transition moments in [€;, €] takes place during the
excited state

. 1 {(1+7§2) (1 — 3B8%) sin 2Ae

E " §ine 4nle 4 ~ 4 cos(ey + ex) 57—

1 T sin 2Ae 1 242+ 52 1 )( sm 2Ae
ﬂ(l +‘D;P?) AB Sln(el + 62) 2A¢ + (l + 4D‘P7')( 4 1 - COS(EI +€2) ) - (42)

Q) D¢T -»oo_[n this case complete equipartition in ¢ during the excited state:

- 1 1{a+By (38 sindhe , 2 g _ g0
e sine 2w { BAe 8Ac cos(ey + 52) ,TZ (1 -3B87)
X [—-sin(el +€,) cos 2Ae 231 My, 4 + cos(zy + €;) sin 2A¢ E M&, 2 ]} @3)
p=

T |
@YD 7+ ~and D,P-r -+ o0
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= os{e, + —1- 14
le sine 4wAe 4 4 cos(ey * €2) 2Ae (4)
The result (44) describes the situation, where the transition moments reorient themselves completely during the
lifetime of the excited state. The intensity of emission function /y; is proportional to the total absorbed intensity.
Hence eq. (44) may also be applied for the evaluation of dichroism experiments, i.e. measurements of the directional
dependence of absorbed intensities (see e.g. [19]).

- 1 1 {(1 + B%) - 3B sin 2Ae

3.4. Discussion

In our model calculations we have restricted attention to the determination of the intensity of emission func-
tion I;;, from which according to €q.(8) the measured intensities for arbitrary polarization direction and positions
of the analyzer may be calculated. Generally the integral in eq. (8) must be evaluated numerically. The presentation
of explicit numerical results has been omitted mainly in order to restrict the volume of this paper. Furthermore. the
number of possible variations of geometrical parameters is so great that the profit which the reader can derive from
some special calculated examples is not high. Numerical results for a special geometrical arrangement and for the
limiting cases of long and short lifetimes of fluorescence have been presented in [15], where also a method of
analyzing experimental results has been proposed. The reader who wants to apply the theoretical results of this
paper may easily determine numerically the measured fluorescence intensities for the special geometric parameters
in his experimental arrangement from the calculated intensity of emission functions.

Recently we have discussed the general problem, how much information in principle is available from the polar-
ized fluorescence experiment [21]. We could show, that generally the number of independent measurable polarized
intensities is not exceeding 36. In the case of uniaxial symmetry, which is subject of this paper this number is not
exceeding 12. Hence, the analysis of experiments with oriented systems is much more complicated than in the
isotropic case, where the determination of 2 polarized intensities yields all information (cf.eq.(1)). But on the
other hand the available information about mobility and orientation is much higher {21]. In the two-dimensional
example in sec. 3.3 the information is contained in the parameters D, o D, (mobility), ¢p and Ae (orientation and
strength of binding to the membrane).

Finally we mention some possible extensions of the described polarized fluorescence experiment.

First, by suitable integration over different membrane orientations, our methods may be applied e.g. for fluores-
cence polarization of oriented pigment molecules in spherical arrays. The results of these calculations will be
published elsewhere. Recently, some work on fluorescence polarization with vesicles has been published (see e.g.
{22,23]). The theoretical interpretation of these experiments has been done with a theory of anisotropic Brownian
rotations, developed by Weber [6] . In general however, when orientations of molecules must be considered this
theory is not applicable.

Second, time dependent fluorescence polarization can provide us with more information; especially about the
mobility of pigment molecules. Our theory may be applied for the analysis of such experiments by an appropriate
modification of the time integrations in eqgs. (18), (29) and (40), which depends on the shape of the exciting light
pulses. If the sample is excited at time £ = 0 by a delta-shaped light pulse, the integrands of the time integrals in
eqs. (18), (29) and (40) are the time-dependent intensities of emission.
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